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Abstract

Reduced order models (ROMs) are employed, to approximate the high-delity solutions while
accurately capturing the dominant aspects o the physical behavior. In this work, a non-intrusive
ROM is employed to reduce the computational cost and provide numerical solutions in a limited
amount o time. The utilized ramework, mentioned as FastSVD-ML-ROM applies (i) a singular
value decomposition (SVD) update methodology to compute a linear subspace o the high-
delity solutions during the simulation process, (ii) convolutional autoencoders or nonlinear
dimensionality reduction, (iii) eed-orward neural networks to map the input parameters to the
latent spaces, and (iv) long short-term memory networks to predict the dynamics o parametric
solutions. The eiciency o the FastSVD-ML-ROM is demonstrated both or the Navier stokes
equation in the rame o fuid dynamics and or the Navier-Cauchy equations dealing with
structural dynamics. In particular, the developed ramework is used to monitor the fow eld
around a cylinder in real-time and or the wave propagation on aluminum plates targeting to
evaluate the eect o the uncertainties introduced in thematerial properties. The accuracy o the
predicted results compared to the high-delity solutions showcase the robustness o the
proposed approach.

1.  Introduction

High-delity modes (HFMs) in terms o numerical analysis are commonly used to solve complex
physical phenomena and provide a great insight into the perormance o the system beore its
deployment in the real world. Amongst others, computational fuid dynamics and computational
structural mechanics are applied in the eld o aerospace, bio-engineering, marine, and energy
to simulate with great accuracy, non-linear, time-dependent partial dierential equations (PDEs)
[1, 2, 3].

AlthoughHFMsconstitute the oundationo engineering design, the techniques used in the ourth
industrial revolution to construct andmonitor large structures require numericalmodels that can
provide solutions in a limited amount o time [4]. In addition,modern technologies including edge
computing, cloud services (e.g. Azure), and computer hardware, such as multi-core graphics



George Drakoulas et al.

An Artifcial Intelligence Framework or Non-Intrusive Reduced Order Modeling

16

processing units, oer excellent potential or the urther development o data-driven approaches
[5]. Besides, various methods o machine learning have been employed to uncover hidden
patterns in noisy data [6].

Along these lines, surrogate modeling has gained attention aiming to provide physics-based
solutions, accurately, in real-time, while decreasing the computational time and cost. Reduced
order models (ROMs) are a mathematical approach, part o surrogate modeling [7]. ROMs can
eiciently map large-scale numerical data in a low-dimensional space. In recent years, machine
learning (ML)-based ROMs are utilized to eliminate the computational cost o high-delity
solutions by recovering non-linear, low-dimensional maniolds, while capturing the behavior o
unsteady, complex, multi-physics simulations [8].

In this work, a genericML-based ROM ramework presented by Drakoulas et. al. [9], reerred to as
FastSVD-ML-ROM is utilized. The applied ramework includes a singular value decomposition
(SVD) update methodology, during the simulation process to handle big snapshot matrices, and
identiy low-dimensional embeddings. Then, the linear projected data is passed to the
convolutional autoencoders (CAEs) or non-linear dimensionality reduction. Moreover, long
short-term memory (LSTM) network is employed to predict the temporal scales o the reduced
representations. Then, eed-orward neural networks (FFNNs) are utilizedduring the online phase
to map the input parameters to the latent representations.

The FastSVD-ML-ROM is applied or two test cases: i) the 2D fuid fow around a cylinder (Νavier-
stokes equation) ii) and 3D guided wave propagation (Νavier- Cauchy equation). In the rst test
case, we aim tomonitor the foweld around a cylinder, and the objective o the second test case
is to estimate the uncertainties introduced in the material properties o an aluminum plate.

The structure o this paper is as ollows. Section 2, presents the methodology o the FastSVD-
ML-ROM, including the SVD updatemethodology, and the CAEs or the non-linear dimensionality
reduction, as well. Moreover, the combination o the LSTMs and the FFNNs utilized or the
prediction o the dynamics is illustrated. Then in section 3, the implementation o the developed
ramework or the i) fow past a cylinder and the ii) wave propagation on the plate is presented.
Finally, a brie discussion o the results is described in section 4.

2.  Machine learning-based Reduced Order Modeling

2.1.  Snapshot matrix construction

Weconsider a time-dependent, parametrized PDE,with anunknowneld :  ×  ×  → 

where ξ is the dimension o the parameter vector,  is the number o spatial dimensions. Ater the
spatial discretization o the PDE, we uniormly sample μ parameters rom the space P and split
into two sets,  = {1

, . . . ,
} and  {1

 , . . . , 
} corresponding to the m training and n

testing parameters, respectively.

The snapshotmatrix ℎ is then dened or the training parameter set and the discrete time set
with, as ollows,

ℎ = ℎ(11
)… ℎ

,1
… ℎ(1,

)… ℎ
,

 (1)

where ℎ( ,
) is a snapshot of the parameter 

 at time .
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2.2.  Dimensionality reduction

The FastSVD-ML-ROM utilizes a hyper-reduction technique based on both linear algebra (SVD)
updatemethodology andCAE or the non-linear compression o the data. Primary, the truncated
SVD update is employed during the simulation process, to obtain an approximate basis vector U
rom the snapshot matrix (Eq. 1). Then using the calculated basis, the reduced data is obtained
as,

ℎ(;
) ≈  ℎ(;

) (2)

Given the snapshot matrix containing the solutions or all the parameters, we calculate the
ollowing low-dimensional representation,

 = ℎ (3)

where the projected matrix  is the input o the CAE and  the column dimensions o the basis
vector  derived during the SVD update. Thereore, the projected FOM solution or the training
parameter 

 at time  is derived through the ormula,

( ,
) = (;

) (4)

As a second step, the projected solutions (,
), with =, … , and =, … ,, are given as

input to the CAE, aiming to identiy non-linear, low-dimensional, latent variables.

Let  be the encoder unction that attempts to discover a latent representation  ∈ ℝ, with
 <<  as,

;
 = ;

;; (5)

  = , … ,   = , … , while  are groups o weight matrices and bias vectors
o the encoder, respectively. The decoder reconstructs the approximate input data (;

)

through the ollowing transormation,

;
 = ;

;; (6)

where the transition unctions are dened as :ℝ
 → ℝ and :ℝ

 → ℝ, while ,  are
the weight matrices and bias vectors o the decoder.

Figure 1: CAE architecture including the encoder and decoder parts.

2.3.  Time prediction

In the rame o FastSVD-ML-ROM, to predict the spatio-temporal solutions o the reduced data
, which is extracted rom the dimensionality reduction (Section 2.2), a FFNNand LSTMnetwork
is utilized. In particular, theDLmodels are trained independently over the training and then during
the online phase, the FFNN predicts and provides the rst time series to the LSTM network, used
to orecast the temporal solutions.
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The LSTM network denoted as l takes as inputs the vector 
(

), consisting o the latent spaces
(,)with  = , … , and  = , … , extracted through the trained encoder. To explicitly
account or the parameter inormation, we concatenate the latent spaces with the parameter
values, and thus 

(
) = (;

),
.

The LSTMnetwork is applied sequentially or each training parameter set
 at time  andmainly

consists o three gates acting as lters or the input data. The orget gate (
) that decides

which inormation is less important and can be ignored, the input gate (
) used to update the

cell state and the output gate (
) determines the inormation that will be passed to the next

state. Besides, the updated cell state (
), composed o the input (

), the orget gate
(

) and the candidate's memory state ̃(
) generates data. The hidden state (

)

produces the output data given the ltered data rom the output gate (
). Then, the hidden

state is passed to a FFNN layer aiming to predict the nal output  (
).

Figure 2: Architecture o the LSTM network, as part o the FastSVD-ML-ROM.

2.4.  Parameter regression

During the oline phase, along with the training o the LSTMs, FFNNs are used to identiy the
latent space vectors (;

) or  = , … , and  = , … , that orm the rst time series
matrix, provided as input to the LSTM during the online phase to predict and orecast the
dynamics. To ormulate the input or the FFNNs, we concatenate the time instances ,  =
, … ,with the parameters 

, and thus 
 (

) = ,
.

Figure 3: The architecture o the FFNN, as part o the FastSVD-ML-ROM.

3.  Numerical results

Two benchmark problems are employed to assess the perormance o the proposed FastSVD-
ML-ROM ramework, namely, i) the fow around a cylinder (section 3.1) and ii) the wave
propagation on an aluminum plate (section 3.2). The DL models are implemented in TensorFlow
2.3 and the SVD technique is executed by the NumPy library in python 3.8.3. The numerical
simulations and the training o theDLmodels are executed on an Intel Core i7@2.20GHz,NVIDIA
GeForce GTX 1050 Ti GPU personal computer.
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3.1.  Test case 1: Flow past a cylinder

In this example, the unbounded external fow around a cylinder with a circular cross-section is
examined. We numerically solve the incompressible Navier-Stokes (N-S) equations—in their
primitive variables (velocity u and pressure p) ormulation— written as:





+  ⋅ ∇ = −∇ + ∇ ⋅ () +  (7)

∇ ⋅  = 

The term () is the strain-rate tensor dened as:

() =



∇+ (∇)T (8)

while  are the body orces and  is the kinematic viscosity o the fuid.

The fow domain is large compared to the dimensions o the cylinder as shown in Fig. 4. The
center o the 0.01m in diameter cylinder, is located at point O(0.1m, 0.1m) o a square domain
with dimensions 0.0 ≤ x ≤ 0.5 and 0.0 ≤ y ≤ 0.2. The fow is not perturbed near the inlet, which is
located ar rom the cylinder. The infow is dened rom the let side and the outfow rom the right
side, respectively. No-slip conditions are dened on the wall and the cylinder. The fow domain is
discretized with 211,000 nite volume cells, locally rened in the vicinity o the cylinder. The grid
resolution ensures a grid-independent numerical solution. We numerically solve the governing
equations using the commercial sotware Siemens Star CCM+ [10]. The fuid’s density is ρ= 997
kg/3 and the kinematic viscosity is v = 1.00342/.

The main input parameter that ormulates the snapshot matrix is the Reynolds number (Re). We
keep the indicated region that consists o the area o interest, including 13,834 cells (Fig. 4). We
consider the Reynolds number as the parameter, in the space P = [100, 210]. This range is chosen
to generate non-linear fowpatterns, e.g. Karman vortex streets behind the cylinder.We uniormly
sample m = 9, training, and n = 2 testing parameters, as well. The unsteady case is solved with
the non-iterative PISO algorithm, over the interval t = [0, 120] s, with a time-step dt = 5 × 4 s
resulting in 240,000 snapshots. We then choose 480 solutions, with a step equal to 500, and we
keep the last 260 instances, belonging to the time range t = [55, 120] s. We implement the
FastSVD-ML-ROM, to reconstruct the velocity magnitude eld in real-time, during the online
phase, or a given testing parameter set.

Figure 4: The geometry and the boundary conditions o the fow around a cylinder case.

In Fig. 5, to access the accuracy o the FFNN and the LSTM predictions, we present the evolution
o the latent space representations along with time or various training parameter sets {130, 150,
185, 210}. It is observed that the FFNN can precisely capture the rst sequential data containing
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the latent space representations until t = 65 s.Moreover, the LSTMcanaccurately predict the time
evolution o the latent space representations or the entire time range (t = [120, 210] s). The
combination o the FFNN and the LSTM can capture the dynamics o the latent space
representations extracted rom the trained encoder, part o the CAE.

Figure 5: True latent variables extracted by the trained decoder, LSTM, and FNNN predictions.

In Fig. 6, larger absolute values are obtained in the area behind and close to the cylinder, where
the von-Karman vortices are starting to orm. In Fig. 6, we demonstrate the ability o the surrogate
model to orecast, in unseen times, t > 120 s. The velocity magnitude on the point behind the
cylinder and the erel. along with time are depicted in Fig. 6 (bottom-let) plot while the evolution
o the relative error erel along with time is presented in Fig. 6 (bottom-right). It is shown that the
LSTM network can accurately capture the dynamics, enabling an additional 100% orecast,
starting rom the predicted solutions with a decreased relative error erel.

 

Figure 6: Comparison o the true and orecast velocity (top) and tracing on a point a (x), behind
the cylinder and  versus time (bottom).

The accuracy o the proposed methodology or the fow around a cylinder case is presented in
Fig. 7. It is shown that the gures o the predicted velocity eld are in good agreement with the
velocity eld obtained by the HFM and the ROM and can capture the vortices along the cylinder
wake. The periodic pattern o the vortex shedding is observed both or the testing 200 and training
176 parameters.
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Figure 7: Comparison o the true and predicted velocity elds.

3.2.  Test case 2: Wave propagation on an aluminum plate

The propagation o a lamb wave is simulated in terms o numerical analysis using the nite
element method. The snapshot matrix is constructed through the variation o the material
properties assuming Gaussian distributions. Experiments are perormed on a rectangular
aluminum plate under ambient temperature (Fig. 8). The numerical model is implemented by
utilizing the SIEMENS Simcenter NX Nastran solver [11]. The transient plane stress structural
problem is considered to simulate the wake propagation on the plate. The problem is governed
by the equation omotion in 3-D linear elasticity as,

2

2
= ∑

3

1

[


(+ )

2


+



( − )

2


] ,  = ,, (9)

where =  (x,y,z), i=1,2,3 are the displacement elds in the x-, y- and z-axis respectively, E is the
Young's modulus, ρ is the density and ν is the Poisson's ratio, while the body orces are assumed
to be zero.

Since the plate is a thin-wall structure, and the ratio o the thickness to the in-plane dimension is
high, quadrilateral, isoparametric, and plane-strain elements are utilized. In particular, a global
mesh size o 0.75mm is derived through a mesh convergence study, resulting in 82,028 nodes. A
ve-peak tone burst signal with a center requency o 250 kHz is used to excite the plate in the z-
axis direction while the let and right edges o the plate are kept xed as shown in Fig. 8.
Regarding, the set o the transient structural dynamics or the wave propagation a total time
T=0.0001 s, is denedwith a timestepdt=7, resulting in 1000 timesteps.We then choose 200
solutions, with a step equal to 5.

Figure 8: Geometry and mesh grid o the rectangular plate including the boundary conditions.
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To numerically simulate the variations in the material properties on the propagation o lamb
waves, we consider three Gaussian probability distributions or the Young's modulus (E), the
density (ρ), and the Poisson's ratio (ν), as well. Themean value o the Young'smodulus is taken to
be 68.9GPawith a standard deviation o 1.332GPa. Themean value o Poisson's ratio is 0.33with
a standard deviation o 0.007. As concerns the density, a mean value o 2700 kg/3 is selected
including a standard deviation o 2.7 kg/3 [12]. Each parameter set vector used to solve Eq. and
generate the HFM solutions is ormulated by the triple {[E, v, ρ]}. In particular, the governing
equation is solved or m=24 training parameter sets, while n=2 testing parameters are utilized to
test the FastSVD-ML-ROM.

To gain a better insight into the ability o the FastSVD-ML-ROM, to capture the dynamics, we
examine the perormance o the LSTM and FFNN (Fig. 9). This is achieved by comparing the
extracted latent variables rom the trained encoder with the FFNN and LSTM predicted solution
versus time. It is shown that the FFNN can accurately predict the rst w components o the
temporal evolutions, corresponding to the time interval t = [0, 0.2x5] s, required by the LSTM
to predict the entire evolution in time during the online phase, t = [0, 4] s. It is also evident that
the LSTM can precisely capture the dynamic behavior until t = 4 s.

 
Figure 9: True latent variables extracted by the trained decoder, LSTM, and FNNN predictions.

The results o true and predicted results are presented in Fig. 10. We note the ability o the
FastSVD-ML-ROM to accurately predict the acceleration distribution on the plate.

Figure 10: Comparison between the true and predicted solutions o the acceleration elds.

It is obvious that the FastSVD-ML-ROM can accurately monitor the acceleration values in the z-
axis near and ar rom the excitation location and eectively model the time-varying (non)linear
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dynamics, including complex wave interaction phenomena. In Fig. 11 (upper-let), by examining
the temporal evolution on node a, the symmetric  and anti-symmetric modes are evident. In
Fig. 11, (upper-let), the  mode is observed while the  seems to be mixed caused by the
refections rom the edge. As concerns the temporal evolution o the node c (Fig.11, bottom-let),
it is shown that the  and  modes are observed, ollowed by another wave packet while the
temporal evolution on node d (Fig. 11, bottom-right) presents an overlapping with another wave
packet.

Figure 11: Monitoring o the true and predicted acceleration solutions on nodes a,b,c, and d.

Once the proposed ROM ramework, is trained and tested, the uncertainty quantication caused
due to the variation introduced into the material properties is examined. To gain a better insight
into the eect o the young's modulus E, Poisson's ratio v, and density ρ we sample 1000
parameters or the UQ investigation.

Fig. 12, presents the UQ plots or the 1000 dierent signals on nodes a,b,c, and d (Fig. 8),
generated by considering the variation in the material properties. The black lines represent the
mean value o the time series while the gray area represents the +-1 standard deviation o the
data. It is observed that the variation in Young's modulus, the Poisson's ratio, and the density o
the aluminum plate, sampled rom Gaussian distributions signicantly aects the acceleration
evolution in the z-axis (excitation direction). In particular, it appears that the change in the
material properties, mainly aects the amplitude o the signals, with slight variations in their
phase.

Figure 12: Mean acceleration (black line) and +-1 standard deviation distribution (gray area) on
nodes a, b, c, and d.
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4.  Conclusions

In this paper, we utilize a NIROM ramework, mentioned as FastSVD-ML-ROM to replace the
computationally costly HFMs and provide accurate solutions or transient (non)-linear physics-
based simulations in real-time. The employed surrogate models aim to build a virtual replica o
the physical asset. The comparison between the HFM and ROM solutions indicates the
robustness and eiciency o the applied methodology. As presented, the ROM reconstructions
provide accurate results compared with the numerical data, while providing a tremendous
speedup.

In particular, we present two benchmark problems dealing with, i) the 2D fuid fow around a
cylinder solved by the navier-stokes equation and, ii) the guided wave propagation on an
aluminum plate simulated with the navier-cauchy equations. The comparison among the high
delity solutions and the ROM reconstructions demonstrates the ability o the FastSVD-ML-ROM
to accurately predict the unsteady elds o interest in a limited amount o time, or a given
parameter vector. As concern the fuid dynamics test case, the ROM achieves amaximum speed
up 1x5 compared to STAR-CCM+, and regarding the case o the structural dynamics, the ROM
reconstructions provide a speed-up o 5x5, in contrast to the NX Nastran solver.
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