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Abstract  

Model order reduction (MOR) is essential in integrated circuit design, particularly when dealing with large-
scale electromagnetic models extracted from complex designs. The nu merous passive elements 
introduced in these models pose significant challenges in the sim ulation process. MOR methods based 
on balanced truncation (BT) help address these challenges by producing compact reduced-order models 
(ROMs) that preserve the original model’s input-output port behavior. In this work, we present an 
extended Krylov subspace based BT approach with a frequency-aware convergence criterion and efficient 
implemen tation techniques for reducing large-scale models. Experimental results indicate that our 
method generates accurate and compact ROMs while achieving up to ×22 smaller ROMs with similar 
accuracy compared to ANSYS RaptorX™ ROMs for large-scale benchmarks. 

1 Introduction  

Electromagnetic model extraction is crucial for designing and verifying integrated circuits (ICs), enabling 
precise simulation of the passive elements of the design. However, simulating extracted RLCk models with 
millions of elements and multiple ports is extremely computationally expen sive. Model order reduction 
(MOR) can reduce the complexity of such models while maintaining accurate input/output port behavior 
[1, 2]. By constructing reduced-order models (ROMs) that capture the essential dynamics of the original 
system, MOR can significantly reduce simulation time, enabling faster design iterations in IC development. 

There are two main approaches to MOR. Moment matching (MM) methods are preferred for their 
efficiency, but they require manual selection of the number of moments [1]. Most importantly, they 
correlate the final ROM size with the number of moments and ports, limiting scalability. On the contrary, 
balanced truncation (BT) provides explicit theoretical bounds for the approximation error and is 
independent of the number of ports [2]. However, BT is restricted to small-scale models due to the high 
computational complexity of solving Lyapunov equations [2]. 

In this paper, we introduce an efficient low-rank BT technique to address the main scalability issue of the 
conventional BT approach. Specifically, we employ the extended Krylov subspace (EKS) method, which 
effectively solves the Lyapunov equations, drastically reducing the computational load of BT [3]. 
Additionally, we incorporate a frequency-aware convergence criterion, ensuring accuracy in the frequency 
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range of interest. Experimental evaluation indicates that the proposed method can be integrated into 
commercial extraction tools, such as the ANSYS RaptorX™ [4], to generate more compact ROMs of large-
scale multi-port RLCk models. 

2 Background 

Consider the modified nodal analysis (MNA) description [5] of an n-node, m-branch (inductive), p-input, 
and q-output RLCk circuit in the time domain: 

(
𝐺𝑛 𝐸

−𝐸𝑇 0
) (

𝑣(𝑡)

𝑖(𝑡)
) + (

𝐶𝑛 0
0 𝑀

) (
𝑣(𝑡)

𝑖(𝑡)
) = (
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) 𝑢(𝑡), 𝑦(𝑡) = (𝐿1 0) (

𝑣(𝑡)

𝑖(𝑡)
)   (1) 

where 𝑮𝒏 ∈ 𝑅𝑛×𝑛G (node conductance matrix), 𝑪𝒏 ∈ 𝑅𝑛×𝑛 (node capacitance matrix),  M ∈ 𝑅m×m (branch 
inductance matrix), 𝐄 ∈ 𝑅n×m (node-to-branch incidence matrix), 𝐯 ∈ 𝑅m (vector of node voltages), i ∈ Rm 
(vector of inductive branch currents), u ∈ 𝑅𝑝 (vector of v(t) ≡ dv(t) input excitations), 𝑩𝟏 ∈ 𝑅𝑛×p (input-to-
node connectivity matrix), y ∈ 𝑅𝑞 (vector of output measurements), and 𝑳𝟏 ∈ 𝑅q×n (node-to-output 

connectivity matrix). Moreover, we denote ̇ :𝑣̇(𝑡) ≡
𝑑𝑣(𝑡)

𝑑𝑡
 and ̇  :𝑖̇(𝑡) ≡

𝑑𝑖(𝑡)

𝑑𝑡
. If we now define the model order 

as N ≡ n+m, the state vector as 𝑥(𝑡) ≡ (
𝑣(𝑡)

𝑖(𝑡)
), and also 

𝐺 = − (
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𝐶𝑛 0
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),     L ≡ (𝐿1 0)) 

then Eq. (1) can be written in the generalized state-space form, or so-called descriptor form: 

𝐶
𝑑𝑥(𝑡)

𝑑𝑡
= 𝐺𝑥(𝑡) + 𝐵𝑢(𝑡),  𝑦(𝑡) = 𝐿𝑥(𝑡)     (2) 

The objective of MOR is to produce an equivalent ROM: 

𝐶̃
𝑑𝑥̃(𝑡)

𝑑𝑡
= 𝐺̃𝑥̃(𝑡) + 𝐵̃𝑢(𝑡),  𝑦̃(𝑡) = 𝐿̃𝑥̃(𝑡)    (3) 

where 𝐆, 𝐂̃ ∈ Rr×r,  𝑩̃ ∈ Rr×p,  𝑳̃ ∈ Rq×r the reduced order r << N, and the output error is bounded 
as:||𝒚̃(𝑡) − 𝒚(𝑡)||2 < 𝜀||𝒖(𝑡)||2 for given u(t) and small ε. The output error bound in the frequency 
domain is:||𝑦̃(𝑠) − 𝒚(𝑠)||2 < 𝜀||𝒖(𝑠)"|2 via Plancherel’s theorem [6]. If 

𝐇(s) = 𝐋(s𝐂 − G)−1𝐁,  𝐇̃(s) = L̃(s𝐂̃ − 𝐆)
−1

𝐁̃ 

are the transfer functions of the original model and the ROM, the corresponding output error is: 

||𝒚̃(𝑠) − 𝒚(𝑠)||2 = ||𝑯̃(𝑠)𝒖(𝑠) − 𝑯(𝑠)𝒖(𝑠)||2 ≤ ||𝐻(𝑠) − 𝑯(𝑠)||∞|𝒖(𝑠)||2 

where || .  ||∞ is the L2 matrix norm or Η∞  norm of a rational transfer function. Thus, to bound this error, 

we need to bound the distance between the transfer functions: ||𝐻(𝑠) − 𝑯(𝑠)||∞  <  𝜀 < ε. 

 

3 MOR by Balanced Truncation  

BT relies on the computation of the controllability Gramian P and observability Gramian Q, which are 
calculated as the solutions of the following Lyapunov matrix equations [2]: 

(𝑪−1𝐆)𝐏 +  𝐏(𝐂−1𝐆)𝑇  =  −(𝑪−1𝐁)(𝑪−1𝐁)𝑇 ,   (𝐂−1𝐆)𝑇𝐐 +  𝐐(𝑪−1𝐆)  =  −𝑳T𝐋 (4) 
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The controllability Gramian P describes the degree to which the states are controllable by the inputs, while 
the observability Gramian Q reflects the degree to which the states are observ able at the outputs. A ROM 
can theoretically be generated by eliminating the states that are difficult to control or observe. However, 
in the original state-space coordinates, certain states may be easy to control but difficult to observe, and 
vice versa. The process of “balancing” transforms the state vector to a new coordinate system, where the 
controllability and observ ability of each state are balanced, meaning each state is equally difficult to 
control and observe. An appropriate transformation Tx(t) exists, leading to the balanced state-space 
model: 

𝑻𝑪𝑻−1
𝑑(𝑻𝒙(𝑡))

𝑑𝑡
= 𝑻𝑮𝑻−1(𝑻𝒙(𝑡)) + 𝑻𝑩𝒖(𝑡),  𝑦(𝑡) = 𝑳𝑇−1(𝑻𝒙(𝑡)) 

This balanced representation preserves the system’s transfer function H(s) and simplifies to  
P = Q=diag(σ1, σ2 ,..., σN) [2], where σi are the Hankel singular values (HSVs). These HSVs are the square 

roots of the eigenvalues of the product PQ, i.e., σ𝑖 = √λ𝑖(𝑃𝑄)). In the above balanced model, the states 
with the largest HSVs are the easiest to both control and observe. If r of them are retained (truncating the 
N −r states associated with the smallest HSVs), the error between the original and the reduced-order 
transfer functions is bounded as: 

||𝑯(𝑠) − 𝑯̃(𝑠)||∞ ≤ 2(σ𝑟+1 + σ𝑟+2 + ⋯ + σ𝑁) 

The above serves as an “a-priori” criterion that offers flexibility by allowing either the specification of a 
ROM size r to compute the error or a target error (target error) to determine the number r of HSVs to be 
preserved. This adaptability is a key advantage of BT over MM methods. 

 

The main steps of the BT procedure are summarized in Algorithm 1. The main limitation of BTisits high 
computational and memory cost, which makes it impractical for large-scale models (with N over a few 
thousand states). This is due to the computationally expensive operations required, such as solving 
Lyapunov equations and performing singular value decomposition (SVD), both of which have a complexity 
of O(N3). Additionally, they are applied on dense matrices, since the Gramians P, Q are dense even if the 
system matrices C, G, B, L are sparse. 

However, the products (𝑪−1𝐁)(𝑪−1𝐁)𝑇 and LTL have a much lower numerical rank com pared to N, as  
p,q << N. This results in low-rank Gramians that can be approximated using low-rank techniques, 
significantly reducing the complexity and memory requirements for solving the Lyapunov equations and 
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performing SVD, which are now performed with a complexity of order k rather than N. 

3.1.  Low-rank BT MOR 

The essence of low-rank BT MOR is to iteratively project the Lyapunov equations onto a lower dimensional 
Krylov subspace and solve the resulting small-scale equations to obtain low-rank approximate solutions of 
Eq. (4). The k-dimensional standard Krylov subspace is defined as: 

Kk(𝐆C, 𝐁C) = span{𝐁C, GC𝐁C, 𝐆𝐂
𝟐𝐁𝐂, … , 𝐆C

k−1𝐁C} 

where:𝑮𝑪 ≡ 𝑪−𝟏𝑮,  𝑩𝐶 ≡ 𝑪−1𝑩. If 𝐊 ∈ 𝑅𝑁×𝑘 (k << N) is a projection matrix whose columns span the  
k-dimensional standard Krylov subspace, then the projected Lyapunov equation (for the controllability 
Gramian P) onto 𝐾𝑘(𝑮𝐶 , 𝑩𝐶) is: 

(𝐊𝐓𝐆𝐂𝐊)𝐗  +  𝐗 (𝐊𝐓𝐆𝐂𝐊)
𝐓

= −(𝐊𝐓𝐁𝐂𝐁𝐂
𝐓 𝐊).    (5) 

(the same holds true for the observability Gramian Q with 𝑮𝐶
𝑇, 𝑳𝑇 in place of 𝑮𝑪, 𝐵𝐶). The solution  

𝐗 ∈ 𝑹𝐤×𝒌 of Eq. (5) can be back-projected to the N-dimensional space to give an approximate solution  

𝐏 ≈ (𝑲𝑿𝑲𝑻)P ≈ KXKT for the original large-scale Eq. (4), and a low-rank factor 𝐙 ∈ 𝑹𝐍×𝒌 of P can be 

obtained as Z = KUΣ1/2, where [U,Σ,V] = SVD(X) and P ≈ ZZT. 

While the projection process is independent of the chosen subspace, its effectiveness heavily relies on it. 
The convergence to an accurate solution can be accelerated by enhancing the stan dard Krylov subspace 
𝑲𝑘(𝑮𝐶 , 𝑩𝐶) with information from the subspace 𝐾𝑘(𝐺𝐶

−1, 𝑩𝐶), which corresponds to the inverse matrix 𝐺𝐶
−1, 

leading to the EKS [3, 8]: 

𝑲𝒌
𝑪(𝐆𝐂, 𝐁𝐂) = 𝒔𝒑𝒂𝒏{𝐁𝐂, 𝐆𝐂

−𝟏𝐁𝐂, 𝐆𝐂𝐁𝐂, 𝐆𝐂
−𝟐𝐁𝐂, 𝐆𝐂

𝟐𝐁𝐂, … , 𝐆𝐂
−(𝐤−𝟏)

𝐁𝐂, 𝐆𝐂
𝐤−𝟏𝐁𝐂}  (6) 

The EKS method (EKSM) begins with the vectors {𝑩𝑪, 𝑮𝑪
−𝟏𝑩𝑪}. and iteratively builds an EKS 𝑲𝒌

𝑪(𝑮𝑪, 𝑩𝑪)) of 
increasing dimension, solving the projected Lyapunov Eq. (5) in each iteration, until a sufficiently accurate 
approximation of the solution of Eq. (4) is achieved. The complete EKSM is presented in Algorithm 2. Below 
are some efficient implementation details: 

• Matrix inversion by linear solves: Algorithm 2 uses the system matrices  𝑮, 𝐶, 𝐺𝑇. 𝑮𝑻instead of 
𝑮𝑪 ≡  𝑪−𝟏𝑮  or 𝑮𝑪

𝑻 ≡  (𝑪−𝟏𝑮)𝑻 since the (generally dense) inverse matrices are only required for 
products with p vectors (in step 2) and 2pj vectors (in steps 4 and 11 of each iteration), which can 
be handled as linear solves like CY = R and GY = R (or CTY=R, GTY=R), using either direct or iterative 
methods [9]. 

• Handling of sparse/dense matrices: Matrix M of Eq. (1) is typically very dense due to the huge 
number of mutual inductances. To efficiently handle both sparse (Cn) and dense (M) matrix blocks 
of C, we use specialized data structures and numerical techniques. This includes parallel CPU-
optimized methods for sparse matrices and GPU-accelerated techniques [10] for dense matrices. 

• Solution of the small-scale Lyapunov equations: To solve the small-scale (2pj × 2pj) Lyapunov 
equations in step 5 of each iteration, we employ the Bartels-Stewart algorithm [7]. 

• Convergence criterion: The error estimation [11] relies on the ROM transfer function ˜ H(s) and is 
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described by: 

max
𝑖=1,…,𝑙

|𝑯𝑗̃(𝑠𝑖) − 𝑯𝑗−1̃(𝑠𝑖)|∞

|𝑯𝒋̃(𝑠𝑖)|∞

 

where 𝑯𝑗̃(𝑠𝑖) is the ROM transfer function at the j-th iteration (calculated at frequency si = 2πfi) and l is the 
number of evaluated frequency points evenly distributed across a frequency range [fmin, fmax]. The 
proposed criterion offers insight into the extent to which the transfer function changes between iterations 
at the frequencies of interest. Moreover, it proves to be practical and effective for circuit simulation 
problems, where designers are only interested in the circuit’s behavior in certain frequency windows. The 
iterative procedure stops when the error remains below a certain threshold (tol) for three consecutive 
iterations. 

4 Experimental Evaluation  

We evaluated EKSM using RLCk models extracted from various circuits via ANSYS Rap torX™ [4]. The 
evaluated designs consist of a phase-locked loop (PLL), an analog mixer, a time-interleaved digital-to-
analog converter (TI DAC), an injection-locked frequency multiplier (ILFM), a VGA circuit, hybrid couplers 
(HCs), Wilkinson power dividers (WPDs), and typical transceiver blocks, such as low-noise-amplifiers 
(LNAs) and oscillators (VCO). Their detailed characteristics are listed in Tables 1 and 2. Two experiments 
were conducted: in the first one, we used small-scale benchmarks (< 30K nodes), where the original and 
ROM transfer functions could be directly compared; in the second one, we used large-scale benchmarks 
and compared EKSM to golden RaptorX™ROMs through S-parameter plotting. For the reduction process, 
target error and tol were set to 1e-2 and the number of frequencies l was set to 20. Experiments were 
performed on a Linux server with a 2.80 GHz 16-thread CPU and 64 GB of memory. 

For the first experiment, the results are presented in Table 1, where the error refers to the max relative 
error between the transfer functions of the original models and ROMs, which is  
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Table 1: Detailed characteristics of RLCk models and experimental results of EKSM 

 

calculated as  ||𝑯(𝑠) − 𝑯̃(𝑠)||∞/ ||𝑯(𝑠)||∞ at the designated frequencies. For every benchmark, a base 
frequency of 100 MHz is chosen (fmin = 1e+8) and the maximum frequency is set to twice the resonance 
frequency of each circuit (e.g., fmax = 56e+9 for PLL@28GHz). As can be seen, EKSM generates accurate and 
compact ROMs across every type of benchmark with a maximum error below 0.14%. Additionally, the 
convergence criterion effectively strikes a balance between error and final ROM size while being 
computationally efficient. This is also visible through the performance results, where the reduction time 
remains below 3 min for benchmarks with less than 30K nodes and the memory requirements are not 
significantly high. 

For the second experiment, the results are demonstrated in Table 2. The S-parameters plots of Figure 1 
indicate that EKSM achieves accuracy close to that of RaptorX™ while producing on average ×13.2 more 
compact ROMs. Although EKSM has higher reduction time and memory requirements, they are still 
reasonable and can be significantly improved in futurk work. 

Table 2: ROM order and MOR performance of EKSM vs RaptorX™ 
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. 

Figure 1: Comparison of accuracy between EKSM and RaptorX™ ROMs. 

5 Conclusions  

An alternative MOR technique for accurately reducing large-scale RLCk models is introduced. The 
proposed low-rank BT approach incorporates an iterative EKS projection method with a frequency-aware 
convergence criterion to produce accurate and compact ROMs. Experimental results demonstrate that 
our method provides up to ×22 smaller ROMs than ROMs obtained by ANSYS RaptorX™ for large-scale 
benchmarks with negligible deviations in S-parameters. 
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